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We p re sen t  a method for  so lv inganaly t ica t ly  the l inear ized  integral  equation of r a d i a t i o n -  con- 
duction heat t r ans f e r .  Under cer ta in  conditions, rea l ized  in p rac t i ce  in heat  conduction s tud-  
ies of t rans lucent  m a t e r i a l s ,  a sufficiently p rec i se  solution may be obtained in closed form.  

When the two mechan i sms  of energy  t r anspor t ,  namely  radiat ion and heat conduction, exis t  in a 
medium,  the t e m p e r a t u r e  field, as is well  known, may be descr ibed  by a nonlinear in tegro-d i f fe rent ia l  
equation [1-5]. Under cer ta in  conditions this equation can be l inear ized in such a way that the resul t ing  
ma themat i ca l  s implif icat ion introduces negligible dis tor t ion in the t e m p e r a t u r e  field. Real izat ion of these 
conditions in p rac t i ce  occurs  when the total  t e m p e r a t u r e  drop AT through a l ayer  is s ignif icant ly less  than 
the absolute value of the genera l  t e m p e r a t u r e  background,  T o [2, 6, 11]. Thus, in pa r t i cu la r ,  an e x p e r i -  
ment  can be a r r a nged  for studying the the rmophys ica l  cha rac t e r i s t i c s  of t rans lucent  m a t e r i a l s  in which 
r ad ia t ion -conduc t ion  heat  t r an s f e r  is p resen t .  The l inear ized  equation is a Fredholm integral  equation of 
the second kind, so that the questions as  to its solvabi l i ty  and the  uniqueness of a solution a r e  answerab le  
through the genera l  theory  and requ i re  no specia l  considerat ion.  We p re sen t  below an effect ive method for 
obtaining this solution. So far  as is known to us,  a p rac t i ca l  solution in analyt ical  f o rm of the equation of 
r ad ia t ion -conduc t ion  heat  t r an s f e r  has not been obtained up to the p re sen t  t ime: e i ther  the fo rm of the 
function descr ib ing  the t e m p e r a t u r e  field was a s sumed  (as, for example ,  in [2, 5, 6]), e f fec t ively  e l imina t -  
ing thereby any need to solve the equation, replacing the la t ter  instead by the evaluation of cer ta in  p a r a m -  
e t e r s  p r e sen t  in the function assumed;  or  the solution was obtained numer ica l ly  on an e lec t ron ic  digital 
computer  for  separa te  specia l  cases  [4, 8]. 

We p resen t  he re  a method for  studying the s imples t  case ,  namely,  that  of rad ia t ion-conduct ion  in a 
p lanar  wall,  with absolute ly  black boundar ies  and without heat  sources ,  when the l inear ized  equation has the 
fo rm [11] 

To 

qp ('0 =- i (~) - -  N j '  E~ l "~ - -  "~'l ~ (~') ctT', (1) 
0 

where  

[ ('~) ~ aN'c - -  N AT E3 (T o _.  "0 -k C; 
To 

C is a constant de te rmined  by the boundary condition cp(0) = 0. Considerat ion of the more  genera l  ease ,  in- 
volving ref lect ing boundary wal ls ,  entai ls  no major  changes; it m e r e l y  inc reases  the volume of calculat ions 
assoc ia ted  with the more  complicated f ree  function of Ec~. (1) and its kernel ,  the la t ter  depending now on both 
the d i f ference  and the sum of its a rguments  [11]. When internal heat sources  a re  p re sen t ,  with t e m p e r a -  
ture-dependent  s t rengths ,  only the fo rm of f(z)  is affected. 

Since the kernel  of Eq. (1) does not p o s s e s s  sufficient smoothness ,  a known procedure  for app rox i -  
mating the solution of such equations,  consist ing of replac ing  the kernel  by a degenera te  kernel  by r e p r e -  
senting it by a section of a Four ie r  s e r i e s ,  leads to a l inear  a lgebra ic  sys t em of higher o rde r  [9]. This 
c i r cums tance  does not p e r m i t  us to obtain the solution in analyt ical  fo rm in the usual way, which, in a 
number  of cases ,  is ve ry  n e c e s s a r y .  
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A F i r s t  A p p r o x i m a t i o n  

We study the nature of the Four ie r  coefficients for  the kernel  of the equation, considered as a func- 
tion of a single var iable  varying over  the interval  ( -1 ,  1). Since the kernel  is s y m m e t r i c  we may se lec t  as 
our or thonormal  s y s t em  a t r igonomet r i c  sys tem of cosines;  we then have 

E3]x - - s ' l  = A o +  ~ ,  A. cos n~lT--~'t , (2) 
n = l  I:,0 

where 

I 
Ao = -~o tea (0) - -  Ea (so)l; 
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Fur ther ,  following the usual p rocedure  for  improving the Convergence of a s e r i e s ,  we sum out the slowly 
converging pa r t  of the se r i e s  in Eq. (2), the pa r t  assoc ia ted  with the jumps of the function and its d e r i v a -  
t ives.  In addition, we employ the known re la t ions  [10] 
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( 0 < x <  I); 
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Here  Bm(X) a r e  the Bernoull i  polynomials  and the Pn(X) are  polynomials  compatible  with them,  defined 
through the r ecurs ion  re la t ion 

P~ (x) = (--  1)" P._~ (x); P~ (x) = k .  
2 

Then we obtain 

where  
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k(x, ~') = M~ + M2x~' + M3(~2 + x") - -  I ~ - -  s' I ; 

"~ ~o E,.(So) . 
MI = E E l ( o ) -  E~(vo)l + -~-- + 6 ' 

(6) l 
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Thus the kernel  of Eq. (1) is r ep re sen ted  in the fo rm of a sum of an a lgebra ic  function and a t r igonomet r i c  
kernel ,  the coefficients of which dec rea se  fair ly  rapidly.  We note that for smal l  values of T O (which c o r r e -  
sponds to smal l  th icknesses  or  high t r anspa rency  of the mater ia l ) ,  the second t e r m  in Eq. (5) may be d i s -  
carded and k(-r, r ' )  then s e rve s  as a good approximat ion for the kernel  of Eq. (1). In Table 1 we show the 
values of the e r r o r  A due to such an approximat ion for two values of "r o. 

If we rep lace  E 3 t r - r '  I by k0-, r ' ) ,  we obtain, in place of Eq. (1), the new integral  equation (at the 
s ame  t ime,  we have ca r r i ed  out the change of va r i ab les  x= "r-l; y = ~- '-l)  

l 

~1 (x) = f (x) - -  N S k (x, y) ~1 (Y) dy, 
- - I  

(7) 
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TABLE 1. Values  of the E r r o r  A for  Two 

Values  of ~0 

~o E~/a:--~'] }max {E3IT--V/)min A 

0,20 
0,55 

O, 500 
O, 500 

0,352 1 "(~" 0'5' 10-~" 
0,206 ~/.3,6-10 -z 

where  

the solut ion of  which may  be obtained in c losed  f o r m  and 
is a f i r s t  app rox ima t ion  to the solution of Eq. (1). Dif -  
f e ren t i a t ing  Eq. (7) th ree  t imes ,  we have 

q~;" = f"  + 2Nq~; (8) 

and then 

_ m2 %(x)= C~ Ce e-mz-}-Cn+f+2 (9) 

Subst i tut ing Eq. (9) into Eq. (7) and equat ing coeff ic ients  having the same  power s  of x,  we obtain the fo l low-  
ing three  equat ions  for  de t e rmin ing  the cons tants  Ct, C2, and C3: 

--M3shmlC~ + M3shmlC" +m2( 1 ) . ,~- -m3l  C3=NM,[V~(I)--Vt(--I)]; 

[~--~ shml--(M2t + l)chml ] C~ + [--~shml--(M~l + l)chml] C., 

= --aN + NM, [Ve (0 --V~(--l)l -b N[V~ (t) + 171(--/)1; 

{[ l-- M~-- M3 (12 -]- ~ ) ] sh ml - chmlm (1-- 2M3l) } Ct (10) 

-- {[1-- M~-- M3 ( F + ~ ) ] shrnl - chm[m (1-- 2M~I)} C~. 

+ [ - - 1  + rn2 (-~- -- M,I -- -MJ3 ) ] Cz = NMx [V~ (I) -- Va (-- 

- -  N [V~ (/) + V~ (--/)1 + NM3IV~(I ) - -  V3 (--/)l. 

He re  we have in t roduced  the notat ion 

V~(x)~- x i-1 f(x)-t-~(U~+U.,) dx; i= l; 2; 3. 

Afte r  comple t ing  the ca lcu la t ions ,  we obtain 

AT [E "~ - -  c~(V= C~ e-"U(em~--l)--C2 m + ~ o  ~(o x)--E~(%)] 

AT 
-- 4mT-----~ {e-,,,c~.-~)E~ [(1 - -  m)(% - -  x)] - -  e~(~.-~ E~ [(1 + m) (% -- r)] 

- - e  -'nc. E~ [(1 - -m)  %1 + era'Co E~ [(i -5 m) %1}. (11) 

F r o m  Eqs.  (10) we can obtain expl ic i t  e x p r e s s i o n s  for  C I and C2, which,  in view of the i r  complexi ty ,  will  
not be given he re  (see [11]). If  in EO. (11) we put r = TO, we obtain an equat ion for  de t e rmin ing  the tota l  
d rop  AT through a l aye r .  

Using B a t e m a n ' s  method [91 to c o n s t r u c t  the s u c c e s s i v e  c o r r e c t i o n s  (taking k(r ,  r ' )  as  the aux i l i a ry  
ke rne l  in this method) ,  we can e s t ima te  the e r r o r  of the f i r s t  approx ima t ion .  It turns  out tha t  in a number  
of  ea se s  ~1(~') is v e r y  c lose  to the exac t  solut ion of Eq. (1). Thus,  for  example ,  for  r 0 = 0.138 and N = 24.8, 
the e r r o r  of ~l(r)  does  not exceed  the quant i ty  6.7" 10 -3 l[fI[. 

D e t e r m i n a t i o n  o f  t h e  C h a r a c t e r i s t i c  V a l u e s  o f  E q .  (1)  

This can a l so  be a c c o m p l i s h e d  by us ing the app rox ima ted  kerne l .  To do this  it is suff ic ient  to put 
f(x) --- 0 and equate the d e t e r m i n a n t  of  the s y s t e m  (10) to zero ;  this leads  to the two equat ions:  

( ' )  t h z = z  1 -{- ~ , (12) 
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th z = (1.2Mfl)~z 
, ( 1 3 )  

( 4 ~z M, 2Mfl)_41M~(l_Msl) z 2 1 q-  - ~  M31 l 

the roo t s  z n of which a r e  connected with the approx ima te  values  of the c h a r a c t e r i s t i c  n u m b e r s  of the kerne l  
- E z  I T - T ' l  by  the equat ions  

2 2 ~. = T--~- ~ z . .  (14) 

It is readily seen that Eq. (12) has z = 0 as its only root, so that we need consider only Eq. (13). The cor- 
responding approximate expressions for the characteristic functions may be obtained from Eq. (9). They 
have the form 

Me sh rnfl 
~ ( t )  = -  [ c h m , j  q- An(1 - 2Mfli ] . (15) 

We c la r i fy  now just  how c lose  the values Nn so obtained a r e  to the t rue  c r i t i ca l  values  of the p a r a m -  
e t e r  N. For  this pu rpose  we wr i te  the integral  ope ra to r  of Eq. (1) in the f o r m  of a sum K~o = K~r + Kr 
where  K s and K 2 a r e  o p e r a t o r s  with ke rne l s  co r r e spond ing  to the f i r s t  and second t e r m s  in Eq. (5). As is 
well  known [7], the c h a r a c t e r i s t i c  num be r s  gn = 1/Nn of the ope ra to r  K and ~n = 1/Nn of the o p e r a t o r  K 1 
a r e  not s epa ra t ed  f r o m  one another  by m o r e  than Y[ K~ 1[. We have 

[J K2 I1 ~ "< B~ cos dxdy = BnB m cos cos dxdy 
TO J 0 0 n,m=l TO TO 

and by v i r tue  of the un i form convergence  of the las t  s e r i e s  we find, a f t e r  making the ca lcu la t ions ,  that  

< - 2 (  B2 40 B~B2 ~' B 2 104 136 ') 
t/K~.[12----t0 ~ - + - ~ T -  : + ~ +  2-ff5~ ~B2B3+ 225n~B~B~-!-'  "'" " (16) 

The s e r i e s  in the r igh t  m e m b e r  of  inequali ty (16) conve rges  no w o r s e  than l /ha;  thus this inequali ty en-  
a m e s  us to obtain the n e c e s s a r y  e s t ima te .  Calcula t ions  made for  r 0 = 0.2 and ~'0 = 0.55 show that  the 
m a x i m u m  c h a r a c t e r i s t i c  values  in these  two eases  amount  to - 0 . 1 1 9  and - 0 . 3 2 4 ,  the e r r o r s  made in de -  
t e rmin ing  them,  to a f i r s t  approx imat ion ,  being no g r e a t e r  than 0.5% and 3.9%, r e spec t ive ly .  

If  the opt ical  th ickness  ~0 of  a l a y e r  is of the o r d e r  of unity or  l a r g e r ,  the f i r s t  approx imat ion  turns  
out to be v e r y  c rude ,  a fact  which r e f l ec t s  the poor  approx imat ion  of the kerne l  of the equation by means  
of the function k(% r ' ) .  In this ease  it behoves  us to re ta in  the f i r s t  few t e r m s  of the s e r i e s  in Eq. (5), 
the i r  number  being,  however ,  c o m p a r a t i v e l y  smal l  (the coeff ic ients  Bn, as  is evident ,  d e c r e a s e  as  l /n3).  
The l a r g e s t  e r r o r  of the approx imat ion  c o r r e s p o n d s  to the values  T = ~-'; t h e r e f o r e  the r e q u i r e d  number  
of  t e r m s  of the s e r i e s  in Eq. (5) can be de t e rmined  by equating the sum k(O) + B 1 + B 2 + . . .  + Bp to E3(0) 
= 1 /2 .  Substi tut ing the new exp re s s ion  for  the kerne l  into Eq. (1) and d i f fe ren t ia t ing  th ree  t imes  as  be fo re ,  
we obtain a d i f ferent ia l  equation whose solution yie lds  a m o r e  p r e c i s e  approx ima t ion  to the solution of the 
o r ig ina l  equation:  

P 

c p ( t ) = % ( t ) §  T-~-~ [ H  h sin k ~ ( T - - l )  + s i n  - - F  k cos . . . .  c o s - -  . (17) 
~:~ k % % 2 

The coeff ic ients  Ci, Hk, and Fk may  be obtained f r o m  the s y s t e m  of equat ions  

2"~ k~ 
. sin - -  = NM 8 [V~ (1) -- V 1 (-- l)l; - -M~shmlCt  -]- M3shmlC,, A- N(1 - -  2Mfl) C 3 -~ NM 8 Fh t ~ "  2 

k=l  

p 

- -  N H k M~ \ k - ~ -  sin cos - -  cos 
2 kz k~ 2 

k = l  

= - -  aN -j- NM~ [V~ (1) - -  V. (--  l)] + N [V1 (l) q- V~ (--/)]; 

- - M ~ s h m ! - - M  a l ' ~ @ ~  s h m l - - - - c h m l  @ l s h m l - -  C~ 
/92 m 
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Here 

+ {M, shml § M3 [ ( P + - ~ ) s h m l  ----m2l chm/]  -- lshml + ch21} C~ " 

+ [  I m~(M/-~-Mol~ 12t] 2 ~o [-M 2~o k~ 
- -  - -  ' 3" 2 j  Ca. + N  F ~ L  x krt s i n - -2  

- -  s i n  - -  + Ma ~-2-~/sm - ~  + .~g~-n~ cos 2 kana sin ~ 2 

- k~ cos - -  = NMt [V~ (l) - -  V~ (--/)1 -t- NM3 [V~ (t) -- V3 (-- l)] - -  N [V~ (l) + V2 (-- l)l; 

P 

s~.Q + s~c~ ? s,~c~ + ~ S~F,, 4- S,F, --NB, [V/~ ~ (0 - -  ~V~ ( - 01; 
k = l  

P 
S;.C~ + Sj~C. ~- S.iaCa 5 %'~ S~,~H~, + S;~H~ = NB i [W} 2) (I) - -  W} 2> (-- I)1 

k,=/..] 

q, ] = ~, 2 . . . .  p). 

( is )  

J~ na'x [ 4'- m~ U 1 ~,~1 (x) = cos . . . . .  f (x) - T  ( ~ + U~) ctx; 
T o 

T o + T (Ul + u~) dx; 

Sij= 2 N B ~  (mshmlcos i~_~ :_ i~ chmlsin_2_ ) =Si~; 
m[m~4_(@o )2 ] 2 ~ "% 

To . irt Si~ = -- 2NB~ --~ sm ~ - -  ; 

NB,~ ~ i ~  sin (i + k) n 1 s i n a i "  S~k = [ i T 2 + ~ ~ ' 

S, 1 = -  2NBj ( ~ - - c ~  2 ) St,; 

Sjh = NBh @ 1 . 1 sin 2 ' ~ s m  ( ]+k)~  (]--k)a . 

S i  i _ TO 

t ~  

Sij % 

2 ]--k 

-- - -  -- 2N ( "c~ In; 
k i n /  

\1  ~ ] 

Calculat ions  c a r r i e d  out for  % = 1.88 show that when a total  of two t e r m s  of Eq.  (5) is taken,  we o b -  

tain the value of E 3 [ r - r '  I with an e r r o r  no g r e a t e r  than 8%. In this case  the s y s t e m  (18) cons i s t s  of 
seven equa t ions ,  so that  de t e rmin ing  all  the coeff ic ients  p r e s e n t s  no p r o b l e m s .  

AT 

To 

k 
(Y 

n 

o 
h 
r 0 = kh 
r = k x a n d  r ' = k ~  

NOTATION 

ts the temperature drop in the layer; 

ts the temperature of the surface at the heater; 

ts the thermal conductivity; 

Is the absorption index, 

Ls the Stefan constant; 

is the refraction index; 
Ls the total energy flux through the layer; 
ts the thickness of the layer; 

ts the optical thickness; 
are the dimensionless coordinates; 

331 



~p (3") = (T 0- T (T))/T 0 

En(X) = j (e-Xt/t n) dt 

1 

N = 8n2(rT30/kX; 
a = Q/8n2(:rW 4. 

is the dimensionless  re la t ive  tempera ture ;  

a re  the integro-exponential  functions; 
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